Abstract-Some M × T modulation matrices for M transmit antennae and T symbol periods, with M = 2, 3, 4 and T = 2, and M = T = 4 are studied. A transmission rate of M symbols per channel use and a transmit diversity order of min(M, T ) are achieved over a quasi-static fading channel when using rotated versions of a multi-dimensional quadratic amplitude modulation with spectral efficiency 2 bits per symbol. Extension to input constellations with higher spectral efficiencies is then considered. The modulations are then generalized to any number of transmit antennae M and any number of symbol periods T , such that a transmission rate of M symbols per channel use, and a transmit diversity of T are achieved under fast fading (ergodic scenario). By means of signal space diversity, the proposed modulations exploit the degrees of freedom of multi-antenna channels and have moderate detection complexity at moderate and large SNRs.
I. Introduction
T HE field of space-time (ST) coding and modulation has gained much interest due to the increasing need to transmit reliable information at high rates over wireless channels [1] - [10] . Theoretical investigations of M -transmit and N -receive antennae systems showed that the capacity of such systems increases linearly with the minimum of M and N [2] , [3] . High data rates are obtained by simultaneously sending signals from several transmit antennae. To protect the integrity of the transmitted information, transmit diversity is obtained by introducing redundancy among the transmitted signals over M transmit antennae (space) and T time periods (time). Under quasi-static fading, the combined transmit-receive diversity order equals M N [4] , [5] .
In [6] , the Vertical Bell Labs Layered Space-Time Architecture (V-BLAST) multi-antenna prototype was proposed in order to achieve very high data rates through spatial multiplexing. The detection algorithm considered in [6] does not fully exploit the receive diversity as is done when applying a maximum likelihood (ML) detection algorithm such as the sphere decoder [7] . Alamouti proposed a modulation scheme over M = 2 transmit and N receive antennae where a rate of 1 symbol per channel use (PCU) with 2N diversity was achieved [8] . The ML detection of the Alamouti scheme can be implemented by a linear complexity decorrelator. The latter scheme was generalized to M ≥ 2 by Tarokh et al. [9] , where complex ST modulations were proposed with rate 1/2 and 3/4 symbol PCU. In [10] , a different approach is proposed to exploit the transmit-receive diversity using rotated constellations. The so-called diagonal algebraic space-time (DAST) modulations [10] achieve diversity M N and have a rate of 1 symbol PCU using real or complex input constellations. Hassibi and Hochwald proposed to construct high rate ST modulations by maximizing the average mutual information (MI) between the ST modulator output and the decoder input [11] . The socalled linear and dispersive (LD) ST codes (or modulations) 1 were proposed for this purpose. However, maximizing the average MI does not necessarily exploit the hidden transmit diversity in the system [4] , [5] .
In this paper, we examine the properties of some M × T ST modulation matrices presented in [1] which are constructed by the use of rotated multi-dimensional input constellations. These ST modulations belong to the LD class [11] and they have maximum average MI. Furthermore, they are proved to achieve a transmit diversity of min(M, T ) under quasi-static fading when using rotated versions of a multi-dimensional quadrature amplitude modulation with spectral efficiency 2 bits per symbol (4-QAM) [12] . Extension to input QAM constellations with higher spectral efficiencies is also considered. The proposed ST modulations are then proved to be well suited for fast fading channels. In the latter ergodic scenario, we generalize the proposed modulations to any number of transmit antennae M and any number of symbol periods T , such that we transmit at a rate of M QAM symbols PCU, and achieve a transmit diversity of T . The paper is organized as follows. The system model is given in Section II. In Section III, the construction of the ST modulations is presented for M = 2, 3, 4 and T = 2, and M = T = 4 under quasi-static fading. Some properties of the ST modulations proposed and the generalization of their construction in the ergodic scenario to arbitrary numbers of transmit antennae M and arbitrary numbers of symbol periods T are discussed in Section IV. Representative simulation results are given in Section V. The conclusion is presented in Section VI.
II. System model
Consider a system of M transmit and N receive antennae. A space-time modulation associates with each q × 1 information symbol vector s = (s 1 , . . . , s q )
T from a qdimensional input constellation S q , an M × T modulation matrix B(s) ∈ C M×T , with C the field of complex numbers, where M modulated symbols b mt , for m = 1, . . . , M are transmitted simultaneously from all transmit antennae at time t for t = 1, . . . , T . We normalize the transmitted power by M . The modulation is called linear if B(s + s ) = B(s) + B(s ), ∀s, s ∈ C q . The modulation B has a transmission rate of q T symbols PCU, or q T log 2 Q bits PCU when the input constellation S contains Q points. At time t and at the nth receive antenna, one has
where h nm is the fading between transmit antenna m and receive antenna n. Under quasi-static fading, h mn are assumed to be independent and identically distributed (i.i.d.) zero-mean complex Gaussian random variables with variance 0.5 per dimension, and constant over T (or some multiple of T ) time periods. Under fast fading, the coefficients h mn change at each time instant; in this work, such a scenario is conceivable when using a random ST interleaver over several blocks at the output of the ST modulation where the channel is assumed quasi-static over one block. The additive noise terms w nt are independent samples of zero-mean complex Gaussian random variables each with variance σ 2 per dimension. Let X be the N × T received signal matrix, H the N × M channel matrix, and W the N × T noise matrix. One has
Under quasi-static fading, and assuming perfect channel state information (CSI) at the receiver, the pairwise error probability (PEP) of the ML detection of the information vector s knowing that the information vector s = s has been transmitted is upper bounded by [4] , [5] 
whereĒ s is the average energy per symbol, r is the minimum rank of the set of matrices B(s − s ) for all pairs of information vectors s = s , and λ j , j = 1 . . . r, are the nonzero eigenvalues of A(s − s ) = B(s − s )B H (s − s ), with the superscript H denoting the conjugate transpose. Then, minimizing the PEP is equivalent to [4] , [5] :
• The rank criterion: the minimum rank r of B(s − s ) taken over all distinct information vectors pairs (s, s ), is the diversity gain.
• The determinant criterion: the minimum of the geometric mean of the nonzero eigenvalues of A(s − s ) in (3), T , such that s j ∈ 4-QAM, j = 1, . . . , 4. Over M = 2 antennae and T = 2 symbol periods we send
We want to find the rotation M 4 that maximizes the coding gain given by
with y = M 4 (s − s ). Maximizing δ 2 over the whole class of rotations is a very difficult task since a rotation in dimension M T has M 2 T 2 degrees of freedom; added to which is the complexity of computing δ 2 for each rotation, which is polynomial in M T and exponential in the size of the constellation used (here 4-QAM). This leads us to look for alternative methods to choose a local optimum of δ 2 over the class of rotations. Due to the resemblance between this optimization problem and the one of maximizing the minimum product distance in rotated constellations that achieve maximum diversity order over the Rayleigh fading channel, we follow the "practical" construction in [14] in order to choose an optimal real rotation maximizing the coding gain. The minimum product distance of a K-dimensional rotated constellation, with K = M T , is defined by [14] matrix M K is done in a "Hadamard" way as follows [14] . Consider the 4-dimensional orthogonal matrix family
where M 1 is fixed to be the optimal two-dimensional matrix that maximizes d 2 [14] . Doing so, the matrix M 4 is then determined by the choice of the 2 × 2 matrix M 2 which can be represented by one variable λ. Respecting the orthogonality and unity constraints, the matrix family considered is given by
such that λ o,2 is the optimum parameter that maximizes the minimum product distance in two dimensions [14] . The coding gain in this case equals values of λ in closed-form, we also plot the following upper bounds on δ 2 obtained by settings to some special values in (8):
We identify the highest peak of δ 2 in Fig. 1 at the intersection of the first and the second upper bound in (9), which yields
We identify the second highest peak of δ 2 at the intersection of the first and the third upper bound in (9), which yields
The closed-form expressions for λ in (10) and (11) are obtained by factoring a polynomial of degree 2 in λ resulting from (9) . It is worth mentioning that these same values of λ maximize the minimum product distance in [14] , although the upper bounds on δ 2 in (9) and on d 4 in [14] are not the same. 3 It is also noticed in Fig. 1 that several other peaks of d 4 and δ 2 occur for the same λ. Over the 4-QAM constellation with average symbol energyĒ s = 1, 3 We note that there is an error in [14] , where √ 5 in (10) and (11) is mistakenly replaced by √ 2.
the optimum values are δ
, and d
Remark 1: The modulation Θ 2 can be seen as a concatenated single-input single-output (SISO) modulation with a parser, such that the information vectors of the SISO linear modulation, obtained by the rotation M 4 , are fed to the parser which formats them into M × T spacetime arrays, after multiplying the third component of each information vector by −1. The last operation is ad hoc and guarantees the full diversity; however, the parser is not unique; multiplying any one and only one component by −1 can achieve full diversity as well. Note also that one can include this multiplication in the matrix M 4 by multiplying all the elements of the third row by −1 to obtain a new matrix M 4 , where the parser in this case only arranges the vectors at the output of M 4 into 2 × 2 spacetime arrays. Further, note that M 4 does not belong to the orthogonal family considered above [14] .
B. Higher Dimensions
• Dimension 6, M = 3, T = 2, with 4-QAM given as
where y = M 6 s, s = (s 1 , . . . , s 6 ) T with s j ∈ 4-QAM for j = 1 . . . 6, and M 6 is a 6 × 6 rotation matrix constructed in a Hadamard way as in [14] 
such that M 1 is determined as the optimal 3 × 3 rotation matrix maximizing d 3 [14] and M 2 is a 3 × 3 matrix that depends only on one parameter λ. Varying λ, we computed δ 3 and d 6 over all the differences s−s , such that s = s . The optimal value of δ 3 is obtained for λ (1) o,6 = 0.203 and λ (2) o,6 = 0.531, and it equals δ o 3 = 0.1836. These values of λ also give the optimal value of the associated minimum product distance d o 6 = 0.0018 [14] . Fig. 3 shows the evolution of δ 3 and d 6 (plotted on the same scale) as a function of λ varying from 0 to 1 with a discrete step size of 0.001. Note that the highest peaks of d 6 coincide with the highest peaks of δ 3 . The latter empirical observation is also observed in dimension 4 (see Fig. 2 ).
• Dimension 8, M = 4, T = 2, with 4-QAM, namely 
where y = M 16 s, such that s is the information symbol vector in the considered input constellation, and M 16 is the 16 × 16 rotation constructed as in [10] , which gives a relatively good value of the associated minimum product distance d 16 s 1 , . . . , s 4 ) . . .
which has a rate of 2D symbols PCU, and achieves diversity 2N . Also, one can use the same method to construct ST modulations over M = 3D transmit antennae and T = 2 symbol periods based upon Θ 3,2 . 
Remark 3:
Since M is unitary and the modulations are obtained by parsing y = Ms (up to ±1 multiplicative coefficients) into M × T space-time arrays, the modulations preserve the average mutual information of the original space-time channel [11] .
C. Input Constellations With Higher Spectral Efficiency
Unlike the ST modulations proposed in [8] , [5] , [9] , [10] , the coding gains of our schemes are constellation dependent by construction. Since the optimization of the coding gain is done by exhaustive search over a multi-dimensional 4-QAM constellation, there is apriori no guarantee that the same rotation will maximize the coding gain when increasing the input constellation size. Nor is it assured that the maximum value of the coding gain remains the same.
For example, Fig. 4 shows the coding gain of Θ 3,2 , δ 3 , when using 6-dimensional 4-and 8-QAM input constellations. We note that even though the optimal value of δ 3 with 8-QAM is attained for the same λ (1) 6,o = 0.203 and λ (2) 6,o = 0.531 as with 4-QAM, the coding gain decreases almost 1.9 times when increasing the spectral efficiency of the QAM input constellation from 2 to 3 bits per symbol.
The main drawback of optimizing the coding gain over input constellations of high spectral efficiency is the heavy computational cost. This cost becomes rapidly intractable for constructions in high dimensions (Subsection III-B). Nonetheless, we note that even if the coding gain is only guaranteed for a 4-QAM input constellation, one expects that the ST modulations Θ M,T give relatively good performance when using QAM input constellations of higher spectral efficiencies. In maximizing the coding gain for a 4-QAM constellation, one reduces the effects of error events of small distances when using a QAM constellation of higher spectral efficiency because the latter contains the 4-QAM constellation as a sub-set constellation.
An exception to the decrease of the coding gain as a function of the input constellation is made for the modulation Θ 2 in (4) for M = T = 2 (as well as all the ST modulations Θ 2D,2 , constructed by multiplexing D Θ 2 over 2D transmit antennae (15)). One can show that when the modulation Θ 2 achieves full diversity over a given QAM constellation from Z[i], then its coding gain equals , one computes the values of the entries of the optimal 4 × 4 rotation in (7) as 
Since the quadratic form F has integer coefficients, one has over all input PAM constellations, S ⊂ Z, as follows. Suppose that there is an integer root of F , i.e., ∃s = (s 1 , . . . ,s 4 ) =  (0, 0, 0, 0) T ∈ Z 4 such that F (s) = 0. Hence, at least one of the components ofs is odd (otherwise one can divide the equation F (s) = 0 by powers of 2). The latter property of the roots of F is also true over Z/4Z, the ring of integers modulo 4. Now, by performing an exhaustive search over the 255 vectors of (Z/4Z) 4 \{(0, 0, 0, 0) T } in order to examine all the solutions of F (s) = 0 modulo 4, it can be seen that there is no solution in which one of the variables is odd. One has over all these input QAM constellations, which cover most QAM constellations of practical interest. 6 
IV. Properties Of The Proposed Modulations

A. Performance In Fast Fading
The ST modulations Θ M,T were constructed in order to maximize the coding gain under quasi-static fading. It is easy to prove that these ST modulations also achieve good coding gain in a fast fading environment.
Proposition 2: The ST modulations Θ M,T achieve a transmit diversity order of T under fast fading. Proof. For simplicity's sake, we only consider Θ 2 ; the proof is similar for the other ST modulations Θ M,T since all 1 40 over all constellations carved from Z[i]. 6 The quadratic form F can be proved to have zeros over Z[i] (for input QAM constellations with very high spectral efficiency), but the proof falls outside the scope of this paper.
the proposed modulations have the property of maximizing the minimum product distance of the associated rotated constellation. Let y = M 4 
Thus, maximizing the left term of (23) gives good values for the right terms. Hence, the modulation Θ 2 satisfies the product criterion and achieves an optimized coding gain in a rapid fading environment. . . y MT are sent over the M transmit antennae at time period T . Similar to Proposition 2, it can be proved that these modulations are suitable for fast fading environments. This is because by choosing the rotation matrix M K to maximize the minimum product distance d K one guarantees that y j = 0, j = 1, . . . , K (y = M(s − s ), s = s ). Therefore, the modulations have maximum (column-wise) Hamming distance. We note that the drawback of this approach is that in real systems we need to use a space-time interleaver over several blocks in order to approximate a fast fading environment. The use of the interleaver results in large delays in the detection of the information symbols.
B. Detection
We assume that the channel matrix H (or an estimate of the channel matrix) is available at the receiver. We write the received signal (2) when using Θ M,T with SNR = ρ as
where vec(X) arranges the matrix X in one column vector by concatenating its columns, and w = vec(W) is a T N × 1 column vector which represents the additive white Gaussian noise (AWGN). The components of w are independent with variance σ 2 = 0.5 per dimension. The channel H is modeled as in (2) (24) is equivalent to a virtual system of M T transmit and N T receive antennae. Hence, in the case of N ≥ M , several detection schemes are useful. One can either apply a scheme based on successive interference cancellation such as [6] , or the sphere decoder [7] . We have adopted the latter method for the simulations in Section V. Note that N ≥ M is assumed throughout this work. However, for N < M, ML performance can still be achieved using the generalized sphere decoder, but with an additional complexity exponential in 2(M − N ) and polynomial in the transmission rate for medium to large SNRs [15] , [16] .
V. Simulation Results
Some representative simulations of the ST modulations Θ M,T , with M = 2, 3 and T = 2, for N = 2 and 3 receive antennae, are presented in this section. Comparisons are made with the V-BLAST system [6] , [7] , the DAST modulations from [10] over M transmit antennae and M symbol periods transmitting at 1 symbol PCU and denoted here by Ξ M , and the Alamouti scheme [8] at the same spectral efficiency, average transmitted power, and number of receive antennae. For all systems, the average symbol energy is normalized to 1, the channel matrix H is modeled as in (2) and is assumed to be quasi-static during at least one block length, and the noise variance per dimension is given by
, with M the number of transmit antennae in the scheme considered. The curves present the average bit error rate as a function of SNR in dB.
We present in Fig. 5 the performance of Θ 2 (using a 4-QAM constellation), the Alamouti scheme (using a 16-QAM constellation) and the V-BLAST system with 2 transmit antennae (using a 4-QAM constellation) antennae at a spectral efficiency of 4 bits PCU and with N = 2 receive antennae. It is seen that Θ 2 has a gain of about 0.3 dB over the Alamouti scheme. Alamouti mod.
V-BLAST Fig. 6 . The performance of modulation Θ 3,2 , the DAST modulation Ξ 3 , the Alamouti scheme, and the V-BLAST modulation with N = 3 receive antennae, at 6 bits PCU.
Fig . 6 shows the performance of the modulation Θ 3,2 (using a 4-QAM constellation), the DAST modulation Ξ 3 (using a 64-QAM constellation), and the Alamouti modulation (using a 64-QAM constellation), with N = 3 receive antennae at a spectral efficiency of 6 bits PCU. Modulation Θ 3,2 has a coding gain of about 7 dB over the Alamouti scheme, with the same order of total achieved diversity. We observe that for SNR less than 20 dB, the ST modulation Ξ 3 has slightly worse performance than the Alamouti modulation, although it achieves higher diversity (3N compared to 2N achieved by the Alamouti scheme). This is due to the better distribution of the product distance of the Alamouti modulation matrix over the SNR range considered.
VI. Conclusions
In this paper, we have studied the properties of some bandwidth efficient space-time modulations over M transmit antennae and T symbol periods with a rate of M symbols per channel use and a transmit diversity order of min(M, T ) under quasi-static fading [1] . These modulations transmit rotated versions of M T -dimensional 4-QAM constellations. The extension of the proposed modulations to QAM constellations of higher spectral efficiency was considered. Under fast fading, we have shown that the proposed modulations can be generalized to any number of transmit antennae M and any number of symbol periods T , and still transmit at a rate of M symbols per channel use achieving a transmit diversity of T .
